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Abstract 
An extension of the full diffusion 1-D model developed by Tanzili & Heckel has been presented which now allows for both temperature 
variations (responsible for an equilibrium interface concentration of constituents) as well as variations in the density of phases participating in 
the process of solidification. Under boundary conditions, the well-known possibility of the formation of a diffusive layer has been taken into 
consideration, but – compared to previous solutions that assumed a steady flow of constituent through this layer – a variability of this process 
has been allowed for now. In this situation, the extended model is approaching the state when it finally becomes possible to solve some 
problems of the casting solidification under real conditions. 
The developed model enabled obtaining a control balance of the alloying constituent content (carbon) with an error below 1%. The attempts to 
neglect the elements newly introduced to the model (different phase densities, different interface concentrations) resulted in an error of several 
dozen percent and more.   
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1. Introduction 
 
Under real conditions of the liquid cast iron solidification, the 
eutectic graphite is growing either in a lamellar or nodular mode, 
depending on the type of treatment applied to liquid metal before 
pouring it into a mould. While the growth of lamellar graphite is 
usually discussed in terms of the plate growth in a planar 1D 
system (in austenite after the loss of contact with liquid metal), the 
growth of nodular graphite is a good example of a spherical 
system.  
The basic solutions regarding phase transformations of a dif-
fusive character were presented by Tanzili and Heckel [1] as early 
as at the close of the 60-ties of the past century. The results were 
used in later research to examine, among others, the kinetics of 
phase transformations in ADI [2, 3].  Yet, the main handicap in 
direct application of these solutions in the investigations of the 
crystal growth in liquid cast iron is the assumption that the process 
proceeds at constant temperature. The truth is that the process of 
the grain growth in cast iron takes place when the temperature of 
the cooling metal is changing, thus creating the state of definitely 
non-equilibrium process conditions.  
The fact that the model described above neglects the presence 
of the phases characterized by different densities (graphite and 
austenite) has additionally limited the possibilities of its direct 
application.  
This study presents an extension of the model developed by 
Tanzili & Heckel and Lanam &Henkel [1, 4], which now allows 
for both temperature variations (responsible for an equilibrium 
interface concentration of constituents) as well as variations in the 
density of phases participating in the process of solidification. 
Under boundary conditions, the well-known possibility of the 
formation of a diffusive layer has been taken into consideration, 
but – compared to previous solutions that assumed a steady flow 
of constituent through this layer – a variability of this process has 
been allowed for now. In this situation, the extended model is 
approaching the state when it finally becomes possible to solve 
some problems of the casting solidification under real conditions. 
At the present stage of research, the offered solution is valid 
for one element only (EDF – Elementary Diffusion Field), 
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will be extended to a spherical system, i.e. to the grains of nodular 
graphite cast iron, and will include the grain growth in a region of 
the real casting, allowing also for the boundary conditions. 
 
 
2. Mathematical model 
 
The concentration field of carbon in the examined system is described 
by the Fick equations; for the solid state – austenite area (Fig. 1): 
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and the flux balance equations for the graphite-austenite and austenite-
liquid interfaces: 
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and balance equation at the boundary between the diffusion layer and 
bulk liquid:   
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where:  
DȖ, DL – is the coefficient of diffusion of alloy element in solid (f.ex. 
for carbon in austenite) and in liquid (in diffusion layer and in 
bulk liquid) 
ȡgr, ȡȖ, ȡL – density of carbon, of austenite and of liquid 
Cgr, CȖ/L, CL/Ȗ – carbon concentration at the interfaces (Fig. 1) 
ugr/Ȗ, uȖ/į, uį/L – interface velocities  (Fig. 1) 
CL – carbon concentration in bulk liquid 
BL – dimension of the bulk liquid (Fig. 1) 
The initial and boundary condition are (Fig. 1): 
T = Te  0 < x < x0   Ĳ = 0 
C=Ce   0 < x < x0   Ĳ = 0
0   w w x C   x=0, x0   Ĳ > 0 
C=Cgr       Ĳ > 0 
   gr x x
C=CȖ/gr      Ĳ > 0 
   gr x x
C= CL/Ȗ 

J   L x x /     Ĳ > 0 
C=CBL ,  x

G   x x 0   Ĳ > 0 
Compared to earlier equations [1, 5], the balance equations given 
above (suggested by Rappaz [6]), allow for the effect of different 
densities of the phases participating in transformation, and also for 
different values of carbon concentration at the graphite-austenite and 
austenite-liquid interfaces. The latter feature is very important for the 
real conditions of casting cooling, while it can be neglected in the 
processes of heat treatment, which in most cases are proceeding under 
isothermal conditions.    
  The set of balance equations has been enriched with a balance 
equation between the diffusion layer and bulk liquid, in which the 
concentration of constituents is assumed to be reduced to an equal level 
due to the convection mixing effect taking place in metal bath.  
The variations in the interface constituent concentration should be 
taken into account in process equations, and proper procedure of 
numerical computations was developed to solve the above system of 
differential equations. 
 
 
(a) 
 
 
(b) 
Fig. 1. Schematic distribution of concentration values in austenite-
graphite system (a) as compared with phase equilibrium diagram (b). 
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Finite-difference representation of Eqs. (1) - (6) would be 
straightforward were it not for the fact that each of that each phase is 
changing its during the process of solidification. The time rate of change 
of concentration at an internal point, whose location is always a constant 
percentage of the instantaneous phase thickness, may be represented by 
the Murray-Landis variable-grid, space transformation as follows [1]:  
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where  W w w i C  is the contribution of Eqs. (1) and (2) 
W w w i x  is the velocity of the i-grid is evaluated in each of the 
phase of interest. 
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In the įL (diffusion layer): 
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Substituting Eq. (7) in Eq. (6) the concentration derivative in the Ȗ 
phase becomes: 
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where i = 2, 3, … n-1 
Substituting Eq. (8) in Eq. (6) for the diffusion layer: 
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where i = n+2, n+3, … m-1 
Eqs. (9) and (10) are now written in finite difference form. 
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where i = 2, 3, … n-1 
ǻĲ,  k  is the time step and time index 
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Equation (10) becomes: 
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where i = 2, 3, … n-1 
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Concentration at the interface:  
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 From the balance equation (Eq. 5) the concentration in bulk liquid: 
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where BL is the dimension of bulk liquid.  
The velocity of the graphite-austenite interface from the flux 
balance (3) for constant value of the interface concentrations Cgr, CȖ/gr, 
CL/Ȗ and CȖ/L in finite difference form is: 
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The velocity of the austenite-diffusion layer interface from the flux 
balance (4) in finite difference form is: 
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To allow for variations in the interface constituent concentration, it 
is necessary to proceed with integration of equations (3) and (4) in time 
(for the time interval equal to time step): 
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In the first approximation it can be assumed that within the time step ǻĲ 
the concentration gradient  x C w w  remains constant, and then, after 
integration of equations (3) and (4), we obtain, respectively: 
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where   and   - equilibrium interface concentration at 
(Ĳ+ǻ Ĳ) and  Ĳ. 
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If the temperature of EDF (Elementary Diffusion Field – Fig 1) is 
going down: 
W    T E u T T  (24) 
where uT – cooling velocity, K/s 
 
then the concentration at the interfaces (numerical data are from Fe-C 
diagram): 
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Fig. 2 shows the definition of finite difference terminology used in 
this model. 
 
 
 
Fig. 2. Definition of finite-difference terminology. 
 
 
4. The results of numerical computations 
 
The developed model enabled obtaining a control balance of the 
alloying constituent content (carbon) with an error below 1%. The 
attempts to neglect the elements newly introduced to the model 
(different phase densities, different interface concentrations) resulted in 
an error of several dozen percent and more.   
The computations aimed at the determination to what degree the 
presence of diffusion layer affects the crystal growth process under the 
conditions close to the cast iron solidification from liquid phase, and 
with parameters commonly encountered in the solid phase diffusion 
transformations. For the sake of comparison, in respect of EDF, the 
dimensions of the diffusion layer equal to 0.01, 0.1 and 1.0 (total 
absence of bulk liquid) have been adopted.  
The most significant difference is in the values of carbon diffusivity 
in the two neighboring phases - according to [7], for liquid phase and 
austenite during the liquid phase solidification DL= 2·10
-4 cm
2/s and for 
austenite DȖ = 1·10
-5. As regards solid phase transformations, the values 
of the coefficients are more leveled; for model computations, the same 
value of diffusivity D = 1·10
-5 was adopted for the neighboring phases.  
Computations were carried out for the EDF dimension 50 μm, which is 
a value comparable to that present in cast iron.  
Without any doubt, the process kinetics is affected by the cooling 
rate. Therefore, for model computations, the cooling rates of 5 and 50 
K/s and the cooling range from the equilibrium temperature of eutectic 
transformation TE = 1154 °C to a temperature of 1100 ºC were assumed. 
Figure 3 shows an insignificant effect of the diffusion layer 
dimension on the distribution of the austenite growth velocities, and 
more precisely on the interface velocity between austenite and liquid. 
Computations were made for the highest cooling rate, when the greatest 
discrepancy in the obtained results should be expected. Small 
differences are observed only at the beginning of the cooling process. 
This is due to the fact that for the conditions close to those encountered 
in foundry practice, in the case of cast iron, there is no justification for 
introducing the parameters of diffusion layer (even if, as stated by 
reference literature [7, 8], interrelated with velocity of interfaces). 
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Fig. 3. Interface velocity of interface between austenite and liquid 
under different of diffusion layer įL (as a ratio to EDF dimension); 
DL = 2·10
-4 cm
2/s; DȖ = 1·10
-5 cm
2/s; rate of cooling 50K/s. 
 
On the other hand, the effect of the diffusion layer dimension is 
visible when the constituent diffusivities assume the same values, as 
shown in Figure 4. On the other hand, some doubts must raise this idea 
when applied in the examination of solid phase transformations. The 
effect of cooling rate is well visible in Figs. 5 and 6 for the conditions 
encountered in cast iron (different values of D). At the temperature of 
the end of the process (1100 °C) with uT = 5 K/s, the solidification 
proceeds till the end, while with  uT = 50  K/s – the relative thickness of 
the solidified layer amounts to only 0.44. In both cases, only a minimum 
concentration gradient has been observed at the solidification front. 
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Fig. 4. Interface velocity of interface between solid and liquid 
under the same as in Fig. 3 dimensions of diffusion layer įL and 
cooling rate; DL = DȖ = 1·10
-5 cm
2/s; rate of cooling 50K/s. 
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Fig. 6. Distribution of carbon concentration during solidification 
of Fe-C alloy (initial concentration 4.26% C, initial temperature 
1154
0C) for cooling rate uT = 5 K/s; DL = 2·10
-4 cm
2/s; DȖ = 1·10
-5 
cm
2/s. 
 
Distinct concentration gradients at the interface were observed for 
the conditions of solid phase transformations with diffusivity values 
equal for both the neighboring phases – Figs. 7 and 8, where the said 
cooling rate has been observed to affect not only the dimensions of the 
reacted phase.   
The cooling rate has a significant effect on the kinetics of growth 
and final dimensions of graphite – Fig. 9. Higher cooling rate reduces 
the growth velocity of graphite, and also its final dimensions.  
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Fig. 7. Distribution of carbon concentration during solidification of Fe-C 
alloy (initial concentration 4.26% C, initial temperature 1154
0C) for 
cooling rate uT = 5 K/s; DL = DȖ = 1·10-5 cm2/s. 
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Fig. 8. Distribution of carbon concentration during solidification 
of Fe-C alloy (initial concentration 4.26% C, initial temperature 
1154 
0C) for cooling rate uT = 50 K/s; DL = DȖ = 1·10
-5 cm
2/s. 
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Fig. 9. Kinetics of growth and final dimensions of graphite for 
difference cooling rate uT. Parameters as in Figs. 5 and 6. 
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An extension of the full diffusion 1-D model developed by Tanzili 
& Heckel has been presented which now allows for both temperature 
variations (responsible for an equilibrium interface concentration of 
constituents) as well as variations in the density of phases participating 
in the process of solidification. Under boundary conditions, the well-
known possibility of the formation of a diffusive layer has been taken 
into consideration, but – compared to previous solutions that assumed a 
steady flow of constituent through this layer – a variability of this 
process has been allowed for now. In this situation, the extended model 
is approaching the state when it finally becomes possible to solve some 
problems of the casting solidification under real conditions. 
The developed model enabled obtaining a control balance of the 
alloying constituent content (carbon) with an error below 1%. The 
attempts to neglect the elements newly introduced to the model 
(different phase densities, different interface concentrations) resulted in 
an error of several dozen percent and more.  
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